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Abstract 

The aim of this paper is to put some recent results of Huang- 
Pandzic (conjectured by Vogan) and Kostant on Dirac cohomology 
in a broader perspective. This is achieved by introducing an induc- 
tion functor in the noncommutative equivariant cohomology. In this 
context, the results of Huang-Pandzic and Kostant are interpreted as 
special cases (corresponding to the manifold being a point) of more gen- 
eral results on noncommutative equivariant cohomology introduced by 
Alekseev- Meinr enken . 



Introduction 

Let G be a (not necessarily connected) real Lie group and let i? be a closed 
subgroup with their complexified Lie algebras q and r respectively. We 
assume that there exists a G-invariant nondegenerate symmetric bilinear 
form Bg on g such that B^^^ is again nondegenerate. We will impose this 
restriction on G and R throughout the paper. Let p be the orthocomplement 
r-*- of r in g. Then Bg^^ being nondegenerate we have g = r©p and, moreover, 
-Bg|p is again nondegenerate. Further p is i2-stable under the adjoint action. 
For example, any compact Lie group G and a closed subgroup R satisfies 
the above restriction. 

Let M be a smooth i?-manifold. Then the deRham complex 17 (M) 
of M is canonically a Z_|_-graded (and hence Z/(2)-graded) i?-differential 
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algebra. We will only consider Z/(2)-graded spaces, algebras etc., so, in the 
sequel, by graded we will mean Z/(2)-graded. We define a certain induction 
functor in noncommutative equivariant cohomology which associates to the 
i2-differential algebra Q,(M) a differential graded algebra liidQ/ji{fl{M)). By 
definition, 

IndG/R{n{M)) = (W(g) (8) n{M))R, 

where >V(g) := U{q) (g) Cl(g) is the noncommutative Weil algebra (cf. §1), 
U{q) is the enveloping algebra, Cl{g) is the Clifford algebra of g with respect 
to the form Bg, and the subscript R refers to the subspace of 'ii-basic' ele- 
ments (cf. §1). The differential graded algebra structure on Ind(;/ij(ri(M)) is 
the restriction of the tensor product differential graded algebra structure on 
W{q)<^^{M). We prove that the differential graded algebra lYLdQ/ji{Q{M)) 
is canonically isomorphic (as a differential graded algebra) with the non- 

commutative G-equivariant Cartan model {U{q) ^1{Mg))^ of the G man- 
ifold Mg := G M (cf. Theorem 2.2). Prom this isomorphism, we ob- 
tain (as an immediate corollary) that the cohomology i?(Ind(3/^(J7(M)) is 
canonically isomorphic with the noncommutative G-equivariant cohomology 
Hg{Mg) as graded algebras. 

We use the above isomorphism to construct a functorial graded linear 

cochain map $M : IndG/R(n(M)) {U{t) (g) n{M))^, where the latter 
is the noncommutative -R-equivariant Cartan model of the i?-manifold M. 
Further, we show that induces an algebra isomorphism in cohomology, 
even though, in general, $m by itself is not an algebra homomorphism. As 
a corollary, we obtain a functorial graded algebra isomorphism TiGi^G) — 

We now specialize the above results to the case when M is the one point 
manifold M° to obtain some important recent results of Huang-Pandzic and 
Kostant on Dirac cohomology ([K03], [HP]). In more detail, taking M = M°, 

lndG/R{n{M°))^{Uig)^C\{p)f. 

We show that the differential d on IndG / r{^{M°)) corresponds under the 
above isomorphism with the differential adPP on the right side introduced 
by Kostant, where T>^ € {U{q) ® Cl(p))^ is his remarkable cubic Dirac 
operator X^p^ <8) + 1 <8) 7p, where {pe}^ is any basis of p and {qe}e is the 
dual basis with respect to Bq^^ and 7p is the Cartan element in A^(p) under 
the standard identification A(p) ~ Cl(p). Recall that in the case when R is 
a maximal compact subgroup of reductive G, then 7p = and the operator 
V' reduces to the Dirac operator considered by Vogan in defining his Dirac 
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cohomology. Thus our theorem in the case M = M° gives that 

(*) H{{U{q) Cl(p))^, ad PP) ~ HRiM") ~ Uitf, 

which was proved by Huang-Pandzic in the case when R is a maximal com- 
pact subgroup of a connected reductive G and by Kostant in the general 
connected reductive case, i.e., when G and R are connected and reductive 
(and of course Bg^^ is nondegenerate) . In fact from (*) one obtains the 
decomposition 

Ker(adr'P) = Image(ad PP), 

where the homomorphism ^ : U{x) — > U{q) (8> Cl(p) is induced from the 
adjoint action of r on g and p and Z[R) is the subalgebra of /^-invariants 
U{t)^. Also the isomorphism (*) gives rise to an algebra homomorphism 
rjR : Z{G) — > Z{R). We show that, from the general properties of the Duflo 
isomorphism, rm is the unique homomorphism making the following diagram 
commutative: 



Z{G) 


Z{R) 










S{9f 


> S{t 





where Hg is the Harish- Chandra isomorphism and the bottom horizontal 
map is induced by the orthogonal projection g ^ r. 

Acknowledgements. It is my pleasure to thank S. Sahi who brought to 
my attention (and also explained) the work of Huang-Pandzic [HP]. The 
work was partially supported from the NSF grant DMS 0070679. 

1 Review of non- commutative equivariant coho- 
mology after Alekseev-Meinrenken 

Unless otherwise explicitly stated, by vector spaces we mean complex vector 
spaces and by linear maps complex linear maps. 

Let G be a (not necessarily connected) real Lie group with complexified 
Lie algebra g. We assume that g has a nondegenerate symmetric G- invariant 
bilinear form on g, often denoted as ( , ). Define the Z-graded super-Lie 
algebra g* as follows. As a vector space, 

r' = 0° = 0, 0' = c, r = o if 7X7^-1,0,1. 
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For a G g, the corresponding element in (resp. will be denoted by ia 
(resp. La) and they represent 'contraction' and 'Lie derivation' respectively. 
We denote the generator of by d. The bracket relations in g* are defined 
by (for a, 5 € 0): 

[La,ib] = i[a,b] 
[La,Lh] = L[a,b] 
[ia, d\= La. 

By a super-space we mean a Z/(2)-graded space. Any Z-graded space of 
course has a canonical Z/(2)-grading by even and odd components. 

Recall that a G-diJJerenUal space is a super-space B which is a Frechet 
space, together with a graded smooth action of G on B and a super-Lie 
algebra homomorphism 9 : q* ^ Endcont B, where Endcont B denotes the 
continuous linear endomorphisms of B. Moreover, we assume that the action 
of G commutes with d , La is the derivative of the G-action and 

giag'^ = ig a for all g eG,ae fl. 

The horizontal subspace i?hor is the space annihilated by the invariant 
subspace B'^ is the subspace invariant under G and the space Bq of basic 
elements is the intersection i?hor H B'^. 

A G -differential algebra is a supcr-algcbra B together with the struc- 
ture of a G-dift'crcntial space on B such that 6 takes values in the super- 
derivations of B and the action of G on S is via algebra automorphisms. 

For a smooth G-manifold M, Q{M) with the Frechet topology provides 
the most important class of examples of G-differential algebras. 

A homomorphism between G-differential spaces (resp. algebras) {Bi,6i) 
and (-B2, ^2) is a continuous homomorphism of super-spaces (resp. algebras) 
(f) : Bi ^ B2 such that 

(j){g ■ b) = g ■ (f){b), (/)(0i(a;)6) = 6*2(2;) 0(6), for 5 G G, x G g* and 6 G -Bi. 

There is the (classical) Weil algebra W{g) := S{q*) ® A(g*) with the 
tensor product algebra structure. This is a G-differential algebra under the 
Z+-grading 

k>Q 

The action of G is via the coadjoint action. The operators La come from the 
coadjoint action of g on >S'(g*) and A(g*). The contraction operator ia on 
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W{q) is defined as Is{g*) ®^a' being the standard contraction operator on 
A(g*). The differential d on W{g) is the unique super-derivation satisfying 
(for any / G 0*) 

d{l (g) ej) = 1 (g) df^ef + s/ (g) 1, 

where ej (resp. Sf) is the element / considered as an element of Q* C 
A(0*) (resp. 0* C 5(0*)) and c^a : A(0*) A(0*) is the standard Koszul 
differential. 

We now recall the definition of the non- commutative Weil algebra W(0) 
from [AM] , which is a G-differential algebra. Recall that the Clifford algebra 
C1(0) of with respect to the bilinear form is the quotient of the tensor 
algebra r(0) of by the two-sided ideal generated by 2 x (8> x — (x, x) , x G 0. 
As a super-space it is defined as the tensor product of algebras 

W(0) := C/(0)®C1(0), 

where the Z/(2)-grading on comes from the standard grading on the 

Clifford algebra C1(0), and U{q) is the enveloping algebra of placed in the 
even degree part. Both of U{q) and C1(0) are G-modules under the adjoint 
action and so is their tensor product. For a G 0, let La be the adjoint action 
on W(0). 

Recall that there is a vector space isomorphism given by the symbol map 

a : C1(0) ^ A(0), 

where is induced from the standard projection map T{g) CI{q) under 
the identification of A(0) with the skew-symmetric tensors in T{q). From 
now on we will identify CI{q) with A{g) (via the symbol map) as a vector 
space. Under this identification, we will denote the product in A(0) by 0, 
i.e., 

xQy = cr((7"^(x) • a~^{y)), for x,y E A{g). 

The exterior product in A(0) will be denoted hy x A y. Recall that A(0) 
admits the contraction operator (for a € g) which is a super-derivation 
induced from the operator 

iab={a,b), ioibeg. 

Then, by [AM, Lemma 3.1], explicitly the product in A(0) is given by (for 
A(0)): 

ujQri = /x(Exp(-i ^ (uj 77)) , 

k 
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where {ak}k is any basis of Q and {bk}k is the dual basis {ak,be) = Sk,e, n 
A{q) (g) A(0) — > A{g) is the standard wedge product, i\f.{ijO®r}) := {iaf^uj)®r}, 

Define the operator ia, a G 0, on yV(0) by 

For a G 0, let Ua (resp. Ca) be the corresponding clement in C ^7(0) (resp. 
C 01(0)). We also think of Ua (resp. Ca) as the element Ua 1 (resp. 
l®c„) of >V(0). 

Finally, we define the differential d : W{g) — > >V(g) as the commutator 

dx = adl>(x), 

where V G W(g) is defined by 

k 

7 = 7g G A^(0)'^ is the G-invariant element (so called the Cartan element) 
defined by 

7(a, 6, c) = (a, [6, c]), fora,6, cG0 

under the identification A(0) ~ A(0*) induced from the form ( , ), and adP 
is the super-adjoint action defined by adX'(x) = Vx — xV, for x G W{gy^^"', 
and adX'(x) = Vx + xV, for x G W(g)°'^'^. 

Then W(0) with the above operators ia, La, d = adV and the adjoint 
action of G becomes a G-differential algebra called the non- commutative 
Weil algebra. 

By [AM, Proposition 3.7 and the equation (3)], d is given by the formula 

— ^ I (8)^6^0; 

+ X (g) d^u} + -X (g) i^oj, for X G J7 (0),a; G A(0), 

where d^ is the Koszul differential on A(0) of degree +1 under the identifi- 
cation A(0) ~ A(0*). 

Recall [C] that the G-equivariant cohomology Hg{B) of a G-differential 
algebra B is by definition the cohomology of the basic subalgebra {W{g) (g 
B)g of the tensor product G-differential algebra W{g) B under the tensor 
product differential d{x ®y) = dx®y+ {—l)'^'^^^x ® dy, for x G W{g) and 
yeB. 
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Similarly, following [AM], the non- commutative G-equivariant cohom,olgy 
TiaiB) is the cohomology of the basic subalgebra (W(0) B)g under the 
tensor product differential. Then, clearly, Hg{B) is a super-algebra. 

1.1 Proposition. For any G- differential algebra B, the projection map 
6 : W{q) B ^ Sid*) ® B, induced from the standard augmentation map 
A(g*) —i- C, induces an algebra isomorphism (again denoted by) 

9:{W{Q)®B)^^{S{<f)®Bf. 

Under the above isomorphism, the differential d corresponds to the dif- 
ferential da on {S{q*) ® given as follows: 

da = Is{g*) ^d-^Sal<^iak, 
k 

where {a^jk is a basis of q and {o^jfc is the dual basis of q* and Sa* denotes 
the operator acting on S{q*) via the multiplication by a^. 

Similarly, wc have the following proposition from [AM, §4.2]. 

1.2 Proposition. For any G- differential algebra B, the projection map 

@ ■.W{9)®B ^U{q)®B, 

induced from the standard augmentation map A{q) — >■ C, induces a vector 
space (but not in general algebra) isomorphism 

Q : (Wis) B)g ® Bf. 

To distinguish, let {U{q) (8) B)^ denote the vector space {U{g) ® B)^ with 
the new product making @ an algebra isomorphism. 

Under the above isomorphism, the differential d corresponds to the dif- 
ferential 

(1) da = lu{0) ®d-^ + ^^bk + \ lu{0) «> h, 

k 

where 7 G A^(g)'^ is defined earlier, u^^ (resp. u^^) denotes the left (resp. 
right) multiplication in U{g) by Ua^. and {ak}kj{bk}k o,re dual bases of Q. 
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By [AM, Proposition 4.3], explicitly the multiplication in {U{q)i^B)'^ 
is given as the restriction of the multiplication (again denoted by) in 
U{g) B defined as follows. For x, y G C/(fl), 6i, 62 G B, 

(2) (x0 6i)0(y0 62) =a;y0M(Exp(-i^4igJ(6i0 62)), 

k 

where and if^ are the contraction operators on B®B with respect to the 
first and second factors respectively and jj, : B®B ^ B \s the multiplication 
map. 

As in [AM], there exists a G-module isomorphism (depending only on 
q), called the quantization map, 

Q = Qg : W{q) ^ W(5) 

which intertwines all the operators La, ia and d. Q\s{g*) is the composite of 
the isomorphisms 

S{g*)^S{Q)^UiQ), 

where the first map is the algebra isomorphism induced from the isomor- 
phism 0* — > (coming from (, )) and Dg is the Duflo isomorphism [D]. 
(Recall that Dg is only a linear isomorphism from ^(g) to U{q) but is an 
algebra isomorphism restricted to 5'(0)3 onto the center U{q)^. Moreover, 
it maps isomorphically S{q)'^ onto ^7(0)*^.) Also recall that, for a G S^{q), 
Dg{a) = S(a) (mod C/(0)p~^), where U{g)P is the standard filtration of U{g) 
and S : S{q) — > ^7(0) is the standard symmetrization map. Also Q\/\(g*) is 
the isomorphism (induced from ( , )) 

A(0*) ^ A(0). 

Of course, as earlier, we have identified C1(0) with A(0) via the symbol map 
a. 

However, Q ^ Q\s(g*) 'S> Q|A(g*) in general. 

1.3 Theorem. [AM, Theorem 7.1] For any G- differential algebra B, the 
cochain map Q<S)Ib '■ W{q)'SiB — > W{q)^B induces an algebra isomorphism 
in cohomology 

■.HG{B)^nG{B). 

1.4 Definition. Let = : (5(0*) 05)^ ^ {U{q)®B)^ be the unique 
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map making the following diagram commutative: 



{W{5) B)g 



{S{9*) B 



(W(5) ® B)g 

G 

{U{g)^Bf. 



Then clearly is a cochain isomorphism. In general, is not an algebra 
homomorphism. 



2 An induction functor in non-commutative 
equivariant cohomology 

Let G be a real (not necessarily connected) Lie group with complexified Lie 
algebra q and let i? be a closed subgroup of G with complexified Lie algebra 
r. Assume that g admits a G-invariant nondegenerate symmetric bilinear 
form Bg = {,) such that Bg^^ is nondegenerate. We call such a pair of 
(G, R) a quadratic pair. Thus we have the decomposition 

= rep, p:=r-^. 

By the G-invariance of Bg, p is i?-stable under the adjoint action. Moreover, 
also is nondegenerate. 
The following definition is influenced by the corresponding definition in 
the (commutative) equivariant cohomology given in [KV, Definition 32]. 

2.1 Definition (Induction functor). For an i?-differential complex B, 
define the cochain complex 

Inda/RiB) = (W(0) ® B)r 

equipped with the standard tensor product differential 

d{x 0y) = dvMX 0y + (-l)'^''^^^ dsy, x G W{g),y € B, 

where dw is the differential in W(5) and ds is the differential in B. 

Since W(5) is a G (in particular R) differential complex and i? is a 
i2-differential complex, it is easy to see that indeed d keeps the i?-basic 
subspace of W{g) (8) B stable. 

If S is a i?-differential algebra, then IndQ/ji{B) is a differential algebra 
under the tensor product super-algebra structure on W{q) (8> .B. 
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Let M be a smooth real i?-manifold and let fl{M) be the complexified 
deRham complex of M. Consider the fiber product G-manifold Mq ■= 
G x^M, where G acts on Mq via the left multiplication on the first factor. 

2.2 Theorem. There exists a graded algebra isomorphism 
: {U{q) ^ n{MG)f ^ IndG/R(0(M)) 

commuting with the differentials, where {U{q) ^{Mq))^ is equipped with 

the Cartan differential do (cf. Proposition 1.2). 

Moreover, V'm is functorial in the sense that for any R-equivariant smooth 
map f : M ^ N, the following diagram is commutative: 

(c/(0)®^^(A^G))G indG/ii(J^(iv)) 



^t/(B)®/G 



{U{Q)^n{MG)f Indc/RmM)), 

where f* : fl{N) — >■ ri(M) and fQ : il{NG) ^I^Mq) are the induced maps 
from f . 

Proof. Under the projection map p : G x M ^ Mq, we can identify 

J^(Mg) C n{G X M). 

For CO G Q,{Mq), by we mean the evaluation of u; at 1 x M. Thus 
uj{l) G A(0*) (g) Q{M). Under the identification A(0*) ~ A{g) (induced from 
the bilinear form Bg), we can (and will) think of uj{l) G A(g) (g) 0(M). Thus 
we get the map 

U{q) «) n{MG) ^ W{g) «) n{M), 

x<Siu; x<^ui{l). Let ipM be its restriction to {U{q) ig) ^^(Mg))*^. We need 

to show that VM((C/(g) ® ^^(Mg))'^) C Indc/Ri^iM)). 
It is easy to see that (cf. [KV, Page 147]) 

n{MG) = C°°{G, (A(g*) ® n{M))i,^,Rf, 

where C°° {G, V) denotes the space of C°°-functions on G with values in V; 
the i?-invariants are taken with respect to the action of i? on G via right 
multiplication, the given action of on M and adjoint action on A(0*); the 



10 



contraction ia (a G r) acting on A(g*)(8)fi(M) is the standard tensor product 
contraction. Thus 

G 

(1) (C/(0) ® niMG)) = (C- (G, (C7(s) ® A(s*) ® J] (M))hor r) , 

where i? acts trivially on U{q); and the G-invariants arc taken with respect 
to the left action of G on G, the adjoint action on U{q) and the trivial action 
on A(g*) (g)O(M). 

Take a G (C~(G, ([/(g) (g) A(g*) ® 0(M))horii)^)^. Then, 

(5(5^"'''^) = k a{g), for G G, fc G -R. 

Writing a{l) = ® oji, Xi G U{q), uji G A(g*) r2(M), since d is G- 
invariant, 

^(Ad(5A;^"'^) Xi) ®LOi = k ■ ^(Ad^fXj) 

i i 

= (Ad^Xi) (8> fcwi- 

i 

Taken g = k m. the above identity, we get 

(8) a;^ = (Ad A; Xj) (8) A;a;i. 

i i 

Thus VM(a) G lndG/R{n{M)). 

We next show that ipM is surjective onto IndG'/7^(r2(M)). Take a = 
Ei^JiOwi G ([/(g) O (A(g*) Ofi(M)))^ and define a G (C/(g) O Q(Mg))^, 
under the identification (1), by 

i 

Clearly a is G-invariant. Further, 

a G G°°(G, (C/(g) ^ A(g*) ^ f^(M))horR)'^. 
To show this, it suffices to prove that for all G G and k e R, 

(2) ^ {Ad{gk~^)xi) ® cjj = y^^ Ad g Xj ^ kmj. 

i 

But a being i?-invariant, 

(3) ^ Xi®Ui = ^ (Ad A; Xj) (g) fca;i, for all k E R. 



11 



Applying gk~^ to (3) we get (2). 

The injcctivity of ipM is clear from the G-invaxiance of any element in 
the domain of ipM- Thus tpM is a linear isomorphism. We next show that 
tpM is a cochain map. 

View A(0*) as the space of left invariant forms on G. For x G U{q), 
f e C°°{G), (jJi G A(0*) and uj2 G n{M), by (1.2.1) (d being deRham 
differentials on G and also on M), 

doix (8) foJi (8) 002) = X ® df f\ ui ® UJ2 + X ® fd/\U\ ® U2 

+ {-if^'^'^^X ® fiOi (8) duJ2 - ^^{ua^X + XUafe) ^ OJ2 

k 

+ -a; (8) f{i^u\) ® lo2- 

(In fact, to be precise, in the above we should have taken x^ ®f^uj'[®uJ2 G 

([/(g) ® n{MG)) instead of just a single term x (8 fcoi 0J2- But, for 
notational convenience, we take a single term.) 

G 

Moreover, for any x (8 /wi (8> a;2 G {U{q) (8 ^{Mq)) , we get (for any 
ak e fl) 

(4) (Ua^X - XUaJ ® fcUl ® UJ2 = -X afc(/)(Ji (8^2- 

Thus, 

iiMdaix <8 /a;i ^2) = x <® {df){l) A 0^2 + a; (8 /(I) cZa^^i (8 0^2 

+ (-l)^^su;i^^ 

+ (8 /(l)(z^a;i) (8 L02 

(5) = -^(tta^^x - xuaj (8) /(l)afc A (8)u;2 

+ X ® /(I) c^At^i ® a;2 + (-l)^^s'^ix ® /(I) (8 (ia;2 
k 

+ ^x<® f{l){ijUJi)®L02, by (4), 
where {a^} is the basis of q* dual to the basis {uk} of g. 
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On the other hand, by the expression of dyy given in Section 1, 

- aduai^{x) (g) Aui- {-^ — ^) (8) ib^^coi + d/^ui 



+ -X (g) i^ujij (S)L02 + {-l^'^'^'fil) X ® Wl (g) du}2. 

Comparing (5) and (6) we get that ipM commutes with the differentials. 
Finally, we show that V'M is an algebra homomorphism. Take two ele- 

ments u = x ^Y^i fi^'i ® ^'1 and v = y®Y^^ gj rjj (g) r]j in U (g) g) ^^{Mg), 
where fi,gj G C°°(G x M), x,y € [/(g), ^,r?^ G A(0*) and wf,??; G n{M). 
Then, by (1.2.2), 



\ V 2 



(g/,(l,-)5,(l,-Vf< 

This completes the proof of the theorem. □ 

2.3 Corollary. For a real R-manifold M , the cochain map xpM induces a 
functorial graded algebra isomorphism: 

ru ■■ noiMc) ^ H{lndG/RmM))). 

2.4 Definition. Let AI be a real i?-manifold. Define a cochain map $m : 
IndG/ij(0(M)) {U{x) g) n{M))^, making the following dia gram commu- 



tative: 



{U{Q)^n{MG)f lndG/R{n{M)) {U{x)^n{M))R, 
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where cum is induced from the map 

for P e S{q*) and r] G ^(Mg), where (and Q^) is the map defined in 
1.4. 

In fact, define 

Then, clearly it is a cochain map making the above diagram commuta- 
tive. Observe that, in general, $m is not an algebra homomorphism. 

Further, is functorial in the sense that for any ii-equivariant smooth 
map f : M ^ N, the following diagram is commutative: 

IndG/Rin{N)) (C/(r) ® 0(Ar))« 

lndG/R{n{M)) (C/(t) ® i^{M))R , 

where the vertical maps are induced canonically from the /^-differential al- 
gebra homomorphism /* : ri(iV) — > 0(M). 

2.5 Theorem. For any R-manifold M , the cochain map $m : Ind(5/i^(n(M)) 
— > {U{x) (8) Cl{M)) induces an algebra isomorphism in cohomology: 

[$m] : H{lndG/R{n{M))) ^ HRiM). 

Thus, by Corollary 2.3, we have a functorial algebra isomorphism 

Hg{Mg) ^ Hr{M). 

In paHicular, nG{G/R) ^ U{x)^. 

Proof. In the first commutative diagram of (2.4), all the maps are cochain 
maps. Moreover, all the cochain maps Qq^ , i/^m, Qr are cochain iso- 
morphisms. So it suffices to prove that ckm induces an isomorphism in 
cohomology. But this follows from [DV, Theoreme 24]. □ 

Let M be a i?-manifold. Consider the i?-module isomorphism 

Qs ® IniM) ■■ Wis) ® 0(M) ^ W(0) ® n{M). 
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Since Qg commutes with the operators La,ia {a G fl) and d; in particular, 
Qg ^ In(M) induces the map 

Qg/r ■■ iW{9) ^ n{M))R ^ lndG/R{n{M)) 

commuting with differentials, where W{q) (8) Q(M) is equipped with the 
standard tensor product i?-differential algebra structure. 

2.6 Lemma. For any R-manifold M , the following diagram is commutative: 

{w{q)®^{m))r {sit*)0n{M)f 



^G/R 



lndG/R{n{M)) > (C/(t)®0(M)) 



R 



where a.M{P ®oj®ri) = e{u)P\^ ® rj, for P G S{q*), lo G A(g*), rj G ^{M); 
£ : A({|*) — C being the standard augmentation map. 

Proof. Prom the definition of $m, it suffices to prove that the following 
diagram is commutative: 



R 



(*) s, 



Mq 

G 



qM 
^G/R 



{U{Q)^n{MG)f lndG/R{n{M)), 

where ^/JM is defined the same way as ipM- (Use the fact that aM°'4^M = "mO 
Considering the G-equivariant canonical projection (with G acting on GxM 
via its left multiplication on the first factor) G x M ^ M^, to prove the 
commutativity of (*), we can replace Mg by the G-manifold G x M. From 
the definition of the various maps in (*), we can further assume that M is the 
one point manifold M°, i.e., we are reduced to prove the commutativity of 
(*) for Mg replaced by G (with G acting on G via the left multiplication). 
Again using the definition of the various maps in (*), we are reduced to 
proving that 

(1) a{x) = (-l)"a;, for aU (A(g*) A(g*))hor of total degree n, 

where a is the involution of A(g*)(8) A(g*) taking uo^rj i-> (_ i)degw-deg?? ^j,^^^ 
and 'hor' is taken with respect to the standard tensor product action of ia 
(a G fl) on A(g*) ® A(5*). 
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Clearly, Suoi := cji (g) 1 - 1 (g) wi G (a(0*) (g) A(g*))j^^j,, for any ui G g*. 
Thus the subalgcbra A of A(0*)(g) A(g*) generated by {Su!i}oji^g* is contained 
in (A(fl*) (g A(fl*))j^^^. Moreover, since the projection 

(A(0*) ® A(g*)) ^ A(0*), uj®r)^ e{r))io, 

induces an isomorphism 

(A(0*)®A(fl*)),„^^A(g*), 

we get that 

(2) ^=(A(0*)®A(0*)),^^. 

Clearly (1) is satisfied for 6uji and hence for each element of A. Thus we 
get (1) by (2) and the lemma is proved. □ 

2.7 Remark. (1) An appropriate analogue of Theorems (2.2) and (2.5), 
Corollary (2.3) and Lemma (2.6) can be proved for any i?-differential algebra 
B replacing 0(M). 

(2) Instead of defining $m as in 2.4, we could have (uniquely) defined 
#M satisfying the above lemma. But we find the original definition (as in 
2.4) easier to work with. 

3 Cubic Dirac operator and results of 
Huang-Pandzic and Kostant 

We follow the notation and assumptions as in the beginning of Section 2. 
In particular, {G,R) is a quadratic pair, i.e., G is a real Lie group with 
complexified Lie algebra g and R C G is a closed subgroup with complexified 
Lie subalgebra r C g. We assume that g has a G-invariant nondegenerate 
symmetric bilinear form Bg = {, ) such that Bg^^ is nondegenerate. 

We now identify the differential of Ind(5/^(M) for M a one point manifold 
with Kostant's cubic Dirac operator. 

3.1 Lemma. Let M be the one point manifold M° . Then Ind(^/^(M°) can 
canonically be identified with the super-algebra {U{q) (g Cl(p))^ (under the 
tensor product algebra structure). 

Moreover, the differential d onIndQ/ji{M) under the above identification 
is given by 

d{x) = adpP(x), 
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where 

■■= ^ Up^ ® % - 1 <8) 7p, 

{pi}i is any basis of p and {q(}(, is the dual basis with respect to the nonde- 
generate form Bg^^ and G A^(p) ~ A^(p*) is the Cartan form 

lp(.x,y,z) = {x,[y,z]), forx,y,z£p. 
It is easy to see that is R-invariant, i.e., PP G {U{q) ® Cl(p))'^. 

Proof. Let {r^} be a basis of r and let {sm} be the dual basis of r under 
i?gi_. . Then, of course, {rm}m U {pi}e is a basis of 3 and {sm\m U {qi}^ is the 
dual basis of g. Thus the element V € yV(g) as in Section (1) is given by 

V = ^Ur^®Cs^+Y^ Up, (8) Cq, - 1 (8) 7g. 



m 



Now 

W(s)fl = (C^(s)®Cl(g)Ci? 
^(C/(0)®Cl(p))^. 

The differential d in W(0) is given by dx = adP(a;). Moreover, d keeps the 
subspace VV(0)r stable. Prom this it is easy to see that, for x G W{q)r, 
dx = adX>''(x). This proves the lemma. □ 

3.2 Definition. As in [Koi, §1.5], the adjoint representation of i? on p gives 
rise to the Lie algebra homomorphism 

a : r ^ Cl(p)^^^" satisfying 
[»{x),y] = [x, y], for X G r and y G p, 

where the bracket on the left side is commutation in Cl(p). Then, a is an 
i?-module map under the adjoint actions. In particular, for xi,X2 G r, 

(1) a[xi,X2] = Xi ■ a{x2). 

Thus, we get an algebra homomorphism 

^ : ^(r) ^ U{g) ® Cl(p), 

so that ^(x) = X 1 + 1 a{x), for x G r. It is easy to see that ^ is injective. 
Moreover, the earlier given i?-module structure on U (g) (8) Cl(p) (obtained 
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from the adjoint action) is compatible with ^. In particular, for x G r and 
aGC/(0)®Cl(p), 

(2) x-a = ^{x)a-a^{x). 

Let Z{G) (rcsp. Z{R)) be the subalgebra of invariants U{q)^ (resp. 
U{x)'^). Then, Z{G) (g) 1 and ^{Z{R)) are subalgebras of ([/(g) ® Cl(p))^. 
Further, for d = adV'P, 

(3) (^|z(G)(g)i = 0, 
and 

(4) di^(u(t)) = 0, 

since ^(C/(r)) commutes with any element in {U{q) Cl(p))^ by (2). Thus, 
by Theorem (2.5) and Lemma (3.1), we get algebra homomorphisms 

ZiG) ^ H{{Ui9) Cl(p))^, adPP) = i/(lndG/i^(C)) '5^' Z(i?), 

where, as earlier, M° is the one point manifold and the first map is induced 
from the map z i— > 2; 1. Let rju be the composite algebra homomorphism 

m : Z{G) ^ Z{R). 

Define a i?-differential algebra homomorphism F = : W{t) — > W{q) 

by 

F(A 1) = A O 1 - 1 «) (5(A) and F(l (g) A) = 1 «) A, for A G r*, 

where A G g* is defined by A|^ = A and A|p = 0, and (5 : r* — > A^(fl*) is 
defined by 

^W{y,z) =X{[y,z]) foTy,zep, 

= if at least one of y, 2; G r. 

Similarly, define a i?-differential algebra homomorphism = J^f : W(r) — > 
W(5) by 

J^{x®l) = xiS'l + l®a{x), and .?='(1 (g) x) = 1 (g) x, for a; G r. 
Clearly, 

(5) ^\u{x) = 
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Then, interestingly, as proved by Alkseev-Meinrenken (private commu- 
nication), we have: 

(6) QsoF = J'oQ,, 

i.e., the following diagram is commutative: 



W{x) ^ 


> W 


(9) 




Qr 






>V(t) 


. >V(g). 



As a corollary of Theorem (2.5) we get the following. This was conjec- 
tured by Vogan (actually Vogan conjectured a slightly weaker version) and 
proved by Huang-Pandzic [HP, Theorem 3.4] in the case R is & maximal 
compact subgroup of a connected reductive G. The case when G and R are 
connected and reductive was proved by Kostant [K03, §4.1]. 

3.3 Theorem. For the differential d := adPP on {U{q) (g) Cl(p))^, 

(1) KeTd = ^{Z{R))®lmd. 

In particular, ^{Z{R)) ~ h{{U{q) ® Cl(p))^, adPp) . 

Proof. We first prove that the composite map ° ^ '■ 

Z{R) (C/(0) ® Cl(p))^ 5^ Z{R) 

is an isomorphism. (In fact, we will see during the proof of the next theorem 
that $M° is the identity map.) As earlier, let {f^(t)^}p>o be the standard 
filtration of the enveloping algebra U{x) and let Z{RY := U{t)PnZ{R). By 
the definition of the map for a G Z{R)p \ Z{R)P-^, 

^(a) = a ® 1 + x, 

for some x G (?7(g)*'^^ (8)Cl(p))^. Thus, from the definition of the map 
and the description of the isomorphism Qq^ as in [AM, Proposition 6.5], 

o ^{a) = a mod Z{R)P-^. 

Prom this we see that ° ^ is an isomorphism. 

Since $m° induces an isomorphism in cohomology by Theorem (2.5), we 
get that the induced cohomology map 

[C] : Z{R) - i7((;7(0) ® Cl(p))^,adPP) 

is an isomorphism. From this of course (1) follows immediately. □ 
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3.4 Theorem. The algebra homomorphism rjR : Z{G) — > Z{R) is the unique 
homomorphism making the following diagram commutative: 



Z{G) Z{R) 



(D) Hg 



Hr 



Sisf S{t)^, 

where (3r is the restriction map under the identifi,cation S{q) ~ S{q*), 
S'(r) ~ 'S'(r*) induced by the bilinear form Bg, and Hq (resp. Hr) is the 
inverse of the Duflo isomorphism of q (resp. x) restricted to S{q)^ (resp. 
S{t)^). (Recall that for reductive G, Hq coincides with the Harish- Chandra 
isomorphism.) 

Thus, for z G Z(G), 

(1) z®l-^(?7fl(z)) =pPa, + a^pP, 
for some G ([/(g) ® Cl(p)°d'i)^. 

Proof. With the notation as in the first diagram of Definition 2.4, for any 
z e Z{G), z0le ([/(fl) (8) J^(Mg))^ and, moreover, 

'(j^M°{z (8) 1) = z (8) 1. 

Thus, by [AM, Proposition 6.5], 

^Mo{z^l) = D,{{D-\z))i,), 

where Dg : S{g) U{q) is the Duflo isomorphism under the identification 
S{q) ~ 'S'(g*), and similarly for D^. This gives that 

m{z) = [^Mo]{z ® 1) = o o {D-^){z). 

From this the first part of the theorem follows. 
We next prove that 

(2) O ^\Z{R) = I, 

where ^ : U{t) U{q) (g) Cl(p) is defined in §3.2. By Lemma (2.6), and the 
identities (3.2.5), (3.2.6), for x G S{t*)^, 

^Mo o C o Qtix) = Qr" o oiMo o F{x) 

= Qt o &MO o F{x), since Qx^g^^.^R = Qr" 

= Qx{x), from the definition of F and aM°- 
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Since Qtig^^.^jj is an isomorphism onto Z{R), this proves (2). 
Prom (2) we easily see that, for z G Z{G), 

$M°(^ «) 1) = '^>Mo{Cir]Riz))) = 7]r{z), 

and, moreover, by (3.2.3), (3.2.4), both of z ^ 1 and i{r]R{z)) are cycles 
under ad T>^. Thus they differ by a coboundary, proving (1). This proves 
the theorem. 

Alternatively, we can also obtain (1) in the special (but important) case 
where G and R are connected reductive groups (and Bq^^ is nondegenerate) 
by using a result of Kostant as follows . 

By virtue of Theorem (3.3), define the map fjR : Z{G) Z{R) such 
that 2; (g) 1 — ^(^ji(^)) £ Imd. Then it is easy to see that fiR is an algebra 
homomorphism. Moreover, by Kostant [K03, Theorem 4.2] (generalizing the 
corresponding result in the case when i? is a maximal compact subgroup of 
G by Huang- Pandzic [HP, Theorem 5.5]), rjR replacing rjR also makes the 
diagram (D) commutative. Thus rjn = rjR, proving (1). □ 

3.5 Definition. Let S be the space of spinors for Cl(p), which is a simple 
module of Cl(p). Then, for any i7(g)-module V, V (S) S is a. U{q) (g) Cl(p)- 

module under the componentwise action. In particular, the element G 
(C/(fl) Cl(p))'^ defined in Lemma (3.1) acts as a linear endomorphism Dy 
onV^S. 

Pollowing Vogan, define the Dirac cohomology 

Ker 



V ' ' ^^^^ 

Since the clement D'^ commutes with ^{U{t)) (cf. §3.2), both of Ker i^^, and 
Im Dy are r-submodules of V dS) S via 4- Thus H£){q,x; V) has a canonical 
r-module structure. 

Let X '■ Z{q) — > C be an algebra homomorphism, where Z{q) is the center 
of U{q). Recall that a f7(g)-module V is said to have central character x if) 
for all f G y and z € Z{q), 

z ■ V = x(2;)f . 

As an immediate consequence of Theorem (3.4), one gets the following 
corollary. Recall that this corollary was conjectured by Vogan in the case 
i? is a maximal compact subgroup of G and proved in this case by Huang- 
Pandzic [HP] and proved for general reductive pairs by Kostant [K03]. 
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3.6 Corollary. Let V he a U{Q)-module with central character %• Then, for 
any v G HD{3,t;V) and z G Z{q), 

X{z)v = r]R{z)v. 

Of course, the homomorphism rjn : Z{q) Z(x) is completely deter- 
mined from the diagram (D) of Theorem (3.4.) ■ 

Loosely speaking, the corollary asserts that the central character of any 
irreducible x-suhmodule of H£){Q,t;V) (if nonzero) determines the central 
character of V. 

Proof. We can clearly assume that G and R are connected and thus Z{q) = 
Z{G) and Z{x) = Z{R). By (3.4.1), 

z^l-^{VRiz))=D'Pa, + a,Df, 

for some G iU{Q) ® Cl(p))-^. Thus, for any Vo G KerD^, 

{z 1)^0 - r]R{z)vo elmDl^n KeiD^,, 

since r]R{z)vo G KerD^. Thus, x{z)v = r]R{z)v in HD{Q,t;V). □ 

Applying the definition of V'M as in Theorem (2.2), for the case R = G 
and a G-manifold M, interestingly we get an explicit expression for the 
inverse of the isomorphism Q. 

3.7 Lemma. Take R = G and a G-manifold M . Then the inverse of the 
isomorphism 

e = Gm : (>V(0) a{M))G ^ (C/(0) ^ a{M)f 
(cf. Proposition 1.2) is given by the composition 

{u{0) ® n{M)f (c/(0) n{MG)f ^ {w{q) n{M))G, 

where fi* : Q{M) Q{Mq) is the G -module map induced from the G- 
equivariant smooth map 

jjL-.Gx^M^M, {g,m) ^ g - m. 

Proof. Since Qm is a vector space isomorphism, it suffices to prove that 

V'M o (/ (g) 11*) o 6m = I- 
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Prom the functoriality of 0, we have the following commutative diagram: 
(>V(fl) n{M))G (W(g) n{MG))G 

Qmq 

iu{Q) ® n{M)f > (c/(0) I) n{MG)f. 

Take a = Xi^UiE {U{g) (g) Q{M))^. Then from the above commu- 
tative diagram: 

©M o V'M o ©Mg °{I ® 1^*) ° ©M («) = ©M o o ^*)(a) 

= ©M O V'M ( y~] Xi {n*LUi)^ 
i 

= ^Xi® {{iJ*Ui)\lxM) 
i 

= Xi<Si uji = a. 

i 

This gives 

° &Ma °{I o ©M = ©M ■ 

Thus ipM ° ©Mg o (/ (g) //*) = / and hence, from the above commutative 
diagram again, V'M o (J (g) /x*) o 6m = I- This proves the lemma. □ 

3.8 Remark. After an earlier version of this paper was distributed, E. 
Meinrenken informed me that he and Alekseev have obtained some results 
(unpublished) which overlaps with our work. In particular, they also have 
obtained Theorems (3.3) and (3.4). 



References 

[AM] A. Alekseev and E. Meinrenken, The non-commutative Weil algebra, 
Inventiones Math. 139 (2000), 135-172. 

[C] H. Cartan La transgression dans un groupe de Lie et dans un espace 
fibre principal, Colloque de Topologie, C.B.R.M. Bruxelles (1950), 
57-71. 

[D] M. Duflo, Opcratcurs diffcrentiels bi-invariants sur un groupe de Lie, 
Ann. Sci. Ecole Norm. Sup. 10 (1977), 265-288. 



23 



[DV] M. Dufio and M. Vergne, Sur la cohomologie equivariante des varietes 
differentiables, Asterisque 215 (1993), 1-108. 

[HP] J-S. Huang and P. Pandzic, Dirac cohomology, unitary representa- 
tions and a proof of a conjecture of Vogan, J. AMS 15 (2001), 185- 
202. 

[Koi] B. Kostant, A cubic Dirac operator and the emergence of Euler 
number multiplcts of representations for equal rank subgroups, Duke 
Math. Jour. 100 (1999), 447-501. 

[K02] B. Kostant, A generalization of the Bott-Borel-Weil theorem and 
Euler number multiplets of representations. Letters in Mathematical 
Physics 52 (2000), 61-78. 

[K03] B. Kostant, Dirac cohomology for the cubic Dirac operator. Studies 
in memory of I. Schur in Progress in Math. vol. 210 (2003), 69-93. 

[KV] S. Kumar and M. Vergne, Equi variant cohomology with generalized 
coefficients, Asterisque 215 (1993), 109-204. 

[P] R. Parthasarathy, Dirac operator and the discrete series, Ann. Math. 
96 (1972), 1-30. 



24 



